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Abstract
In this paper, we solve a new functional equation
f (2x + y) + f (2x − y) = 4f (x + y) + 4f (x − y) + 24f (x) − 6f (y)
and prove the stability of this equation.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
In 1940, S.M. Ulam [11] gave the following question concerning the stability of homo-
morphisms:
Let G1 be a group and let G2 be a metric group with a metric d(·, ·). Given  > 0,
does there exist a δ > 0 such that if a function h :G1 → G2 satisfies the inequality
d(h(xy),h(x)h(y)) < δ for all x, y ∈ G1, then there is a homomorphism H :G1 → G2
with d(h(x),H(x)) <  for all x ∈ G1?
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G2 are Banach spaces. In 1978, Th.M. Rassias [9] proved a generalized version of the
theorem of Hyers for approximately liner mappings. During the last decades, the stability
problems of several functional equations have been extensively investigated by a number
of authors [4–8].
The functional equation
f (x + y) + f (x − y) = 2f (x) + 2f (y) (1)
clearly has f (x) = x2 as a solution when f is a real valued function of a real variable. So,
it is natural that Eq. (1) is called a quadratic functional equation, and every solution of the
quadratic functional equation (1) is said to be a quadratic function.
A Hyers–Ulam stability of the quadratic functional equation (1) was proved by F. Skof
[10] for function f :E1 → E2, where E1 is a normed space and E2 a Banach space. In [2],
S. Czerwik proved the Hyers–Ulam–Rassias stability of the quadratic functional equa-
tion (1).
Now, we consider the following new functional equation:
f (2x + y) + f (2x − y) = 4f (x + y) + 4f (x − y) + 24f (x) − 6f (y). (2)
It is easy to see that the function f (x) = x4 (x ∈ R) satisfies above functional equation (2).
Hence, it is natural that Eq. (2) is called a quartic functional equation and every solution of
the quartic functional equation is said to be a quartic function.
In this paper, we solve above quartic functional equation and prove the stability of a
quartic functional equation (2).
2. A solution of quartic functional equations
It is well known [1] that a function f :X → Y between real vector spaces is quadratic if
and only if there exists a unique symmetric biadditive function B such that f (x) = B(x, x)
for all x ∈ X. The biadditive function B is given by
B(x, y) = 1
4
(
f (x + y) − f (x − y)). (3)
In this section, we prove that a function f :X → Y between real vector spaces satisfies
the functional equation (2) if and only if there exists a symmetric biquadratic function F
such that f (x) = F(x, x) for all x ∈ X. Throughout this section X and Y will be real vector
spaces.
Theorem 2.1. A function f :X → Y satisfies the functional equation (2) if and only if there
exists a symmetric biquadratic function F :X × X → Y such that f (x) = F(x, x) for all
x ∈ X.
Proof. Assume that f satisfies the functional equation (2). Putting x = y = 0 in (2), we
have f (0) = 0. Putting x = 0 in (2), we have f (y) = f (−y) for all y ∈ X. Putting y = 0
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spectively. Actually, we can lead to f (nx) = n4f (x) for all x ∈ X and all n ∈ N. Replacing
x and y by x + y and x − y in (2), respectively, we get
f (3x + y) + f (x + 3y) = 4f (2x) + 4f (2y) + 24f (x + y) − 6f (x − y)
= 64f (x) + 64f (y) + 24f (x + y) − 6f (x − y) (4)
for all x, y ∈ X. Replacing x and y by x + y and 2y in (2), respectively, we get
4f (x + 2y) + 4f (x) = f (x + 3y) + f (x − y) + 6f (x + y) − 24f (y) (5)
for all x, y ∈ X. Interchange x and y in (5) to get the relation
4f (y + 2x) + 4f (y) = f (y + 3x) + f (y − x) + 6f (y + x) − 24f (x) (6)
for all x, y ∈ X. Adding (5) to (6) and using (4), we lead to
f (x + 2y) + f (2x + y) = 9f (x) + 9f (y) + 9f (x + y) − f (x − y) (7)
for all x, y ∈ X. Using (2), we have
9f (2x + z) + 9f (2x − z) + 9f (2y + z) + 9f (2y − z)
= 36f (x + z) + 36f (x − z) + 216f (x) − 54f (z)
+36f (y + z) + 36f (y − z) + 216f (y) − 54f (z) (8)
for all x, y, z ∈ X.
On the other hand, replacing x and y by 2x + z and 2y + z in (7), respectively, we get
9f (2x + z) + 9f (2y + z)
= f (2x + 4y + 3z) + f (4x + 2y + 3z) − 9f (2x + 2y + 2z) + f (2x − 2y) (9)
for all x, y, z ∈ X. Replacing x and y by 2x − z and 2y − z in (7), respectively, we get
9f (2x − z) + 9f (2y − z)
= f (2x + 4y − 3z) + f (4x + 2y − 3z) − 9f (2x + 2y − 2z) + f (2x − 2y) (10)
for all x, y, z ∈ X. Adding (9) to (10) and using (2), we get
9f (2x + z) + 9f (2y + z) + 9f (2x − z) + 9f (2y − z)
= 4f (x + 2y + 3z) + 4f (x + 2y − 3z) + 24f (x + 2y) − 6f (3z)
+ 4f (2x + y + 3z) + 4f (2x + y − 3z) + 24f (2x + y) − 6f (3z)
−144f (x + y + z) − 144f (x + y − z) + 32f (x − y) (11)
for all x, y, z ∈ X. By (8) and (11), we get
36f (x + z) + 36f (x − z) + 216f (x) − 54f (z)
+36f (y + z) + 36f (y − z) + 216f (y) − 54f (z)
= 4f (x + 2y + 3z) + 4f (x + 2y − 3z) + 24f (x + 2y) − 6f (3z)
+ 4f (2x + y + 3z) + 4f (2x + y − 3z) + 24f (2x + y) − 6f (3z)
−144f (x + y + z) − 144f (x + y − z) + 32f (x − y) (12)
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(7) and x = 2x − z, y = 2y + z in (7), we get
9f (2x + z) + 9f (2y − z) + 9f (2x − z) + 9f (2y + z)
= f (2x + 4y − z) + f (4x + 2y + z) − 9f (2x + 2y) + f (2x − 2y + 2z)
+f (2x + 4y + z) + f (4x + 2y − z) − 9f (2x + 2y) + f (2x − 2y − 2z)
= 4f (x + 2y + z) + 4f (x + 2y − z) + 24f (x + 2y) − 6f (z)
+ 4f (2x + y + z) + 4f (2x + y − z) + 24f (2x + y) − 6f (z)
−288f (x + y) + 16f (x − y + z) + 16f (x − y − z) (13)
for all x, y, z ∈ X. Replacing z by 3z in (13) and then using (12), we have
9f (2x + 3z) + 9f (2y − 3z) + 9f (2x − 3z) + 9f (2y + 3z)
= 4f (x + 2y + 3z) + 4f (x + 2y − 3z) + 24f (x + 2y) − 6f (3z)
+ 4f (2x + y + 3z) + 4f (2x + y − 3z) + 24f (2x + y) − 6f (3z)
−288f (x + y) + 16f (x − y + 3z) + 16f (x − y − 3z)
= 36f (x + z) + 36f (x − z) + 216f (x) − 54f (z)
+36f (y + z) + 36f (y − z) + 216f (y) − 54f (z)
+144f (x + y + z) + 144f (x + y − z) − 32f (x − y)
−288f (x + y) + 16f (x − y + 3z) + 16(x − y − 3z) (14)
for all x, y, z ∈ X. On the other hand, putting x = x − y + 3z and y = x − y − 3z in (7),
we have
9f (x − y + 3z) + 9f (x − y − 3z)
= f (3x − 3y + 3z) + f (3x − 3y − 3z) − 9f (2x − 2y) + f (6z)
= 81f (x − y + z) + 81f (x − y − z) − 144f (x − y) + 1296f (z) (15)
for all x, y, z ∈ X. Multiplying both sides of (15) by 16/9, we obtain
16f (x − y + 3z) + 16f (x − y − 3z)
= 144f (x − y + z) + 144f (x − y − z) − 256f (x − y) + 2304f (z) (16)
for all x, y, z ∈ X. Applying (16) to (14), we have
9f (2x + 3z) + 9f (2y − 3z) + 9f (2x − 3z) + 9f (2y + 3z)
= 36f (x + z) + 36f (x − z) + 216f (x) − 54f (z)
+36f (y + z) + 36f (y − z) + 216f (y) − 54f (z)
+144f (x + y + z) + 144f (x + y − z) − 32f (x − y) − 288f (x + y)
+144f (x − y + z) + 144f (x − y − z) − 256f (x − y) + 2304f (z) (17)for all x, y, z ∈ X.
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2y − 3z, y = 2y + 3z in (7), and using (2), we get
9f (2x + 3z) + 9f (2x − 3z) + 9f (2y − 3z) + 9f (2y + 3z)
= f (6x + 3z) + f (6x − 3z) − 9f (4x) + f (6z)
+f (6y + 3z) + f (6y − 3z) − 9f (4y) + f (6z)
= 81f (2x + z) + 81f (2x − z) − 2304f (x) + 1296f (z)
+81f (2y + z) + 81f (2y − z) − 2304f (y) + 1296f (z)
= 81(4f (x + z) + 4f (x − z) + 24f (x) − 6f (z))
+81(4f (y + z) + 4f (y − z) + 24f (y) − 6f (z))
−2304f (x) − 2304f (y) + 2592f (z)
= 324f (x + z) + 324f (x − z) + 1944f (x) − 486f (z)
+324f (y + z) + 324f (y − z) + 1944f (y) − 486f (z)
−2304f (x) − 2304f (y) + 2592f (z) (18)
for all x, y, z ∈ X. By (17) and (18), we get
f (x + y + z) + f (x − y + z) + f (x + y − z) + f (−x + y + z)
= 2[f (x + y) + f (x − y) + f (y + z) + f (y − z) + f (z + x) + f (z − x)]
−4[f (x) + f (y) + f (z)] (19)
for all x, y, z ∈ X.
Define a function F :X × X → Y by
F(x, y) = 1
12
(
f (x + y) + f (x − y) − 2f (x) − 2f (y))
for all x, y ∈ X. Then we have F(x, x) = f (x) for all x ∈ X and F is symmetric since f
is even.
Now, we claim that Q = F(·, y) :X → Y defined by Q(x) = F(x, y) is quadratic for
each fixed y ∈ X. Using (19) and evenness of f , we get
12
[
F(x + z, y) + F(x − z, y) − 2F(x, y) − 2F(z, y)]
= f (x + z + y) + f (x + z − y) − 2f (x + z) − 2f (y)
+f (x − z + y) + f (x − z − y) − 2f (x − z) − 2f (y)
−2f (x + y) − 2f (x − y) + 4f (x) + 4f (y)
−2f (z + y) − 2f (z − y) + 4f (z) + 4f (y) = 0
for all x, z ∈ X. This shows that Q = F(·, y) is quadratic. Since F is symmetric, Q′ =
F(x, ·) :X → Y defined by Q′(y) = F(x, y) is quadratic for fixed x ∈ X.
Conversely, assume that a function F :X × X → Y is symmetric biquadratic such that
f (x) = F(x, x) for all x ∈ X. Then
392 S.H. Lee et al. / J. Math. Anal. Appl. 307 (2005) 387–394f (2x + y) + f (2x − y) − 4f (x + y) − 4f (x − y) − 24f (x) + 6f (y)
= F(2x + y,2x + y) + F(2x − y,2x − y)
−4F(x + y, x + y) − 4F(x − y, x − y) − 24F(x, x) + 6F(y, y)
= 2F(x,2x + y) + 2F(x + y,2x + y) − F(y,2x + y)
+2F(x,2x − y) + 2F(x − y,2x − y) − F(y,2x − y)
−4F(x + y, x + y) − 4F(x − y, x − y) − 24F(x, x) + 6F(y, y)
= 2(2F(x, x) + 2F(x, x + y) − F(x, y))
+2(2F(x + y, x) + 2F(x + y, x + y) − F(x + y, y))
− (2F(y, x) + 2F(y, x + y) − F(y, y))
+2(2F(x, x) + 2F(x, x − y) − F(x, y))
+2(2F(x − y, x) + 2F(x − y, x − y) − F(x − y, y))
− (2F(y, x) + 2F(y, x − y) − F(y, y))
−4F(x + y, x + y) − 4F(x − y, x − y) − 24F(x, x) + 6F(y, y)
= 8(F(x, x + y) + F(x, x − y))− 4(F(y, x + y) + F(y, x − y))
−16F(x, x) − 8F(x, y) + 8F(y, y)
= 8(2F(x, x) + 2F(x, y))− 4(2F(y, x) + 2F(y, y))
−16F(x, x) − 8F(x, y) + 8F(y, y)
= 0
for all x, y ∈ X. Hence, f satisfies the functional equation (2). 
3. Stability of a quartic functional equation
Throughout this section X and Y will be a real normed linear space and a real Banach
space, respectively. Given a function f :X → Y , we set
Df (x, y) := f (2x + y) + f (2x − y) − 4f (x + y) − 4f (x − y) − 24f (x) + 6f (y)
for all x, y ∈ X.
Theorem 3.1. Let a function f :X → Y satisfy∥∥Df (x, y)∥∥ δ (20)
for all x, y ∈ X, where δ  0. Then there exists a unique quartic function F :X → Y such
that
∥∥f (x) − F(x)∥∥ 1∥∥f (0)∥∥+ δ . (21)
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for all x ∈ X and all n ∈ N. We prove the assertion by induction on n. Inequality (22) yields
the validity of (23) for n = 1. Assume now that (23) holds for some n. Replacing x by 2x




















for all x ∈ X. Hence, we have∥∥∥∥f (x) − 116n+1 f (2n+1x)
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∥∥∥∥f (x) − 116f (2x)
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for all x ∈ X. Therefore, the inequality (23) is true for all x ∈ X and all n ∈ N. Define
Fn(x) = 116n f (2
nx) (24)
for all n ∈ N and all x ∈ X. For m > n > 0, we have
∥∥Fm(x) − Fn(x)∥∥=



























for all x ∈ X. Since the right-hand side of the above inequality tends to zero as n → ∞, the
sequence {Fn(x)} is a Cauchy sequence for each x ∈ X. Since Y is complete, there exists a
limit function F(x) = limn→∞ Fn(x). By letting n → ∞ in (23), we get the formula (21).
To show that F satisfies Eq. (2), replace x and y by 2nx and 2ny in (20), respectively,
and divide by 16n, then it follows that
1
16n
∥∥f (2n(2x + y))+ f (2n(2x − y))− 4f (2n(x + y))
( ) ∥ δ−4f 2n(x − y) − 24f (2nx) + 6f (2ny)∥
16n
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To prove the uniqueness of the function F , assume that there exists a function F ′ :
X → Y which satisfies (2) and (21). Then we have
∥∥F(x) − F ′(x)∥∥= 1
16n
∥∥F(2nx) − F ′(2nx)∥∥
 1
16n









for all x ∈ X and all n ∈ N. Letting n → ∞ we get F(x) = F ′(x) for all x ∈ X. This
completes the proof of the theorem. 
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